12. cviceni - resSeni

Priklad 1 (a) [ |z|dx.

x, x>0
Ziejmeé |z| =< 0, z=0 je spojita funkce.
-z, <0

2
x € (—00,0) = /|:r:|dar::/—xdavé —% =: Fi(z)
c $2
z € (0,00) = /|xdw:/xdx: 5 = Fy(x)

Plati: lim, ,o— Fi(z) = 0 = limgz—04 Fo(z). Funkce Fi, Fy lze tedy v bodé 0 spojité dodefinovat
hodnotou 0 - dostavam tak F; definovanou a spojitou na (—oo, 0] a Fy definovanou a spojitou na [0, 0o).

Mame tedy: F| = f na (—o00,0) a F) = f na (0,00) pro f(z) = |z|. Dokonce F;(0) = F5(0) = 0.
Definujme tedy funkci

e {Fl(:n), x € (~00,0]
Fy(z), z € (0,00)

Pak [ f=F naR.

Priklad 1 (b) [ |1 — |+ |1 + z|dz.

-2z, x< -1
Plati: f(z) :=1—z|+[1+2z| =<2, x € [—-1,1] je spojita funkce.
2z, z>1

x € (—o00,—1) = /f(m)dx = /—Qxdx = 1?2 = Fi(z):=-2%z€cR
re(-1,1) = /f(m)dx = /Qdm <2 = Fy(z):=2r,xcR

z € (l,o0) = /f(w)dx:/QxdxéxQ —: F3(z):=2%2€R

Na intervalech (—oo, —1),(—1, 1), (1,00) méme k f spojité primitivni funcke po fadé F, Fy, F3. Nyni je
staCi jen slepit - tj. pri¢ist k nim konstanty tak, aby v krajnich bodech intervalu na sebe pékné navazovaly
a my tak dostali spojitou funkci F'.

—1: lim F(z)= lim —z2*=-1

rz——1— T——1—
lim Fy(z) = lim 2z = -2
rz——14 rz——14
1: lim Fy(z) = lim 2z =2
T—1— z—1—

lim F3(x) = lim 2® =1
z—14 z—14

Ziejmé Fi(—1) — 1 = Fy(—1) a Fy(1) = F3(1) — 1. Lepime tedy funkce F} — 1, Fy, F5 — 1.
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Poznamka: mohli jsme volit i jiné lepeni (celou funkci F' lze libovolné posunout za pomoci aditivni
konstanty).

Piiklad 1 (c¢) [max{1,z%}dxz.
22, r<—-1va>1

Plati: f(z) := max{1,2%} =
/(@) { } 1, zel-1,1]

3 3
x € (—o0,—1)U(1,00) = /f(m)dx:/dexéS = Fi(z) = ?’xGR

xe(-1,1) = /f(x)d:vz/ldxéx = Fy(x)=z,x€R

Mame: F{ = f na (—oco,—1)U (1,00) a Fj = f na (—1,1) a Fi, F» jsou na R spojité. Zbyva nam tedy
nalepit | na F5 v bodé —1 a F5 na F; v bodé 1.

1: lim Fi(z)= i i
e B <
lim Fy(z)= lim z=-1
T——1+4 T——1+4
1: lim Fy(z)= lim z=1
T—1— r—1—
-
Jm, Fy(z) = lim = =2

2
3
F(z) = Fy(x) =z, re(-1,1)
2
3

Piiklad 1 (d) [e *lda.

! —00,0
Plati f(z) = e 17l = € z € (—00,0]

lim Fi(z) =e’ =1= lim Fy(z)

r—0— r—0+

Fla) = {ex, x € (—o0,0]

—e*, x € (0,00)
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Priklad 1 (e) [|sinz|dz.
i 2km, (2k + 1 kel
f(2) = | sina] = sm‘ﬁ, x € [2km, (2k + 1)7] ,k €
—sinz, z € (2k+ 1), (2k+2)71),keZ

€ (2km,2k+ 1)) k€ Z = /f(x)dx:/sinxdxé—cosx = Fi(x) == —cosx

€ (2k+1)m, 2k +2)1) ke Z = /f(x)d$:/—sinxdxéCOS$ = Fy(x) :=coszw

— COS T :: COST IE — COS X IE COS I
1i—1 1i—1 1: —1 L —
I | l
2k 2k+1Dr (2k+2)7 (2k+3)7
hodnota kosinu v krajnim bodu intervalu

KdyzZ tento interval zafixujeme (nebudeme s kosinem posouvat), tak musime vlevo ten -
kosinus posunout o 2 doll a kosinu napravo o 2 nahoru,

o o 1

—cosz, x € [0,m)
F(z) =4 (=1)*tcosz +2k, xc[km (k+1)m),kecN
(=) lcosx — 2k, x€[(—knm,(~k+ D), keN

Priklad 1 (f) [ gospde

Pro racionalni funkci R(z,y) = ﬁ plati R(—sinz, —cosz) = R(sinz,cosz). Budeme tedy volit
substituci ¢ = tanz pro vypocet primitivni funkce na intervalech (—g +km, 5+ /mr) ,k € 7Z. ziskané
primitivn{ funkce se pak pokusime slepit v bodech § + km, k € Z.

1
$€(_E+k +k7r> keZ:>/d = |t=tanz,dr = ——dt| =
2 1+sin?x 1+¢2

1 1 ?+1 1
Y N . S VO U S T dt—‘ = V2, du = dt‘—
/1+ 211 /1+2t2t2+1 /2t2+1 w= V2, du=v2

1+t2
-1Q/ du < L aret - arctan (1v/2) = — arctan (VZtan )

= — | ——du = — arctanu = — arctan = — arctan anz
V2 u?+1 V2 V2 V2

Nyni zjistéme, jak se ziskana primitivni funkce chova v bodech § + k7, k € Z.

1
lim —= arctan (\/§ tan :L') VOLSE T

x— G +hm— \/i 2\/5

T
hm —— arctan (\f tan ) VOLSE T

x5 +hkr+ \[ 2V2
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Podobné jako vyse odvodime vhodné posuny.

1 us s s
(z) = {f arctan(y/2 tan z) + kzﬁ, € (-3 +km 5 +kn)

(1+2k) 57,

Priklad 1 (g) [

Pro R(z,y) = x+31;+2
—R(sinz,cosx), R(—sinz, —cosz) = R(sinx,cosx). Proto budeme volit substituci ¢ = tan§. Tu lze
provést pouze na intervalech (—m + k27, 7w+ k27) ,k € Z. Budeme pak tedy muset v bodech 7 + k27
lepit.

dzx.

sin J:+cos z+2

1
x€(7r+k:27r,7r+k‘27r),k€Z:>/, t—tan ydo = ——=dt| =
sinz +cosz +2 1+¢2
1 2 1+ ¢ 2
_/ 1t 2'1+t2dt_/2t+1—t2+2+2t2'1+t2dt_
1+t2+1+t2+
2 lin. 1 1 t+1 1
At =2 —————dt= | ——dt = jlu= —,du = —=dt| =
/t2+2t+3 /(t+1)2+2 /(M)2+1 ‘“ 2 TR ‘
V2

hn \/» t+1 tan % + 1)
2 arctanu = \/5 arctan —_—
/ V2 V2

K lepeni nejdiiv zjistéme, zda je moZzné ziskané primitivni funkce spojité dodefinovat v krajnich bodech
intervald.

= \/5 arctan <

tanZ +1
lim  v2arctan anj + = V2 -
r—m+k2m— \/5 2 \/>

tanZ +1 2
lim  V2arctan 2 = V2 -
r—r+k2n+ \/§ 2 \/i

)

Pokud nebudeme se ziskanou primitivni funkci hybat na intervalu (—m, 7) (ktery odpovida k = 0), tak
pak v intervalech napravo musime v kazdém bodé lepeni posunout funkci o 2% = 7mv/2 nahoru. Naopak

nalevo posouvame o 72 dolit. Z toho dostavame nésledujici funkci.

F V2 arctan tan\/%;l +knv2, z€ (—m + 2km, 7 + 2k7)
€T =
kﬂ\@Jrg\/i, Tz =+ 2km.

Piiklad 1 (h) [ soomrmmryde
Pro R(z,y) = m plati nasledujici: R(—sinxz,—cosz) = R(sinx,cosx). budeme tedy volit

substituci ¢ = tan z, coz lze rovést pouze na intervalech (—g +km, 5+ kﬂ') Jk eZ.
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1
d
+sin2x+1 /300s2x+2s1nxcosx+1 o

r€(—m+RK2r,m+k2n), k€ Z = /
3cos?x

1 1 1+ ¢2 1
:’t:tana},dmzzdt‘:/ 5d / + 5 sdt =
1+4¢ 33z +2z +1 1+t 342t +14+12 14t
1 1 lin, 1 1 t+1 1
- dt= [ —— @t 2 —— dt= = du= —=dt
/t2+2t+4 /(t+1)2+3 3/( )2+1 ‘u /3 /3

c 1 1 <1 + tanm)
== —arctanu = —— arctan [ ———

V3 V3 V3

Ovéfme, Ze lze provést lepeni - tj., zda ziskand primitivni funkce je spojité definovatelna v krajnich
bodech intervalu.

lim 1 ¢ < 1 + tan x) VOLSF T
—arctan [ ———— = —
o= Etkr— /3 V3 2V/3
hm ¢ (1 + tan x) VOLSF T
arctan | ——— = ——
T4kt f V3 1/3

Podobnymi tivahami jako diive dostdvame nésledujici lepeni.

Flz) = {\}garctan tali/xgrl + k%, ( 5+ km, 5+ kw)
T%_‘_k%, r=75+kr

o . 1
Priklad 1 (1) f 6 cosi x+4 sin x cos x+sin®
PI’O R(x7 y) = 6y2+4my+1"2

t = tan x, coz lze rovést pouze na intervalech (—g +km, 5+ lm) ,k eZ.

plati R(—sinz, —cosz) = R(sinz,cosx). budeme tedy volit substituci

1 1 1 1
6 cos? i —5 dx:t:tanx,dx:mdt: t2+1dt:
cos*x +4sinx cosx + sin“ x 61+t2 +41+t2 4 1+t2
14t 1 1 1 1 1
—/ + . dt—/dt—/dt@/2 =
6+4t+t2 t2+1 t2+4t+6 (t+2)2+ 2 12
(W) +1
t+1 1 1 1 t 1
= u:L,du: dt| = arctanu = — arctan anw +

V2 V2 V2 V2 V2
Ovérme, Ze lze provést lepeni - tj., zda ziskand primitivni funkce je spojité definovatelna v krajnich
bodech intervalu.

. 1 ; tanx + 1 voLsF
im ——arctah —— = ——
2 T Hkm— ﬂ V2 2v/2
tanz + 1 voLSF T
hm arctan =

r— 5 +hr+ \f \/5 B _2\/5

Podobnymi tuvahami jako diive dostavame nasledujici lepeni.

Fla) {karctan‘mjﬁ—i—k\%, € (-Z +km, T +kn)
ENCRRAR
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Priklad 2 (a) [T 2% — 2z + 1dz

7 z 7 74 81
/ 22— 22 + 1dz = [—3324—4 = <—49+7>—<—9—3> = 580 — 40 4+ 10 = 550
3 4 . 4 4

Piiklad 2 (b) [;'|1 — z|dz

Pouzijeme aditivitu integralu

3 1 3 x21 22 3
/|1—x|dx:/ 1—mdx+/ x—ldxz[z—] —|—[—m] =
0 0 1 2]y 2

1 02 9 1 1 3 1 5
=|1—-=]—=-10— — - =3 —-(==-1]==—-0+=-+-=
(1-3)-(0-3)+(3-9) - (3-1) =30+ 3373

Piiklad 2 (c) fozw 2sin? zxdx

27 27 27
. lin. . . PP .
/ 2sin? zdr = 2/ sinz -sinz = 2[—smxcosx]g7r—2/ — cos? zdx =
0 0 0

2 2
= 2[—sinzcosz]}" — 2/ —(1 —sin® z)dz = 2[—sinz cos z]3" — 2/ sinz — 1dz =
0 0

2

2 27
= 2[—sinzcosz];" — 2/ sin? zdx + 2 [2]5" = 2 [z — sinx cos z]3" — / 2sin? zdz
0 0

27 2
= 2/ 2sin? zdz = 2 [z — sinzcosz]" = / 2sin’ zdz = [z — sinz cos 2]y =
0 0

= (2m —sin (27) cos (27)) — (0 — sin0cos 0) = 27

Piiklad 2 (d) [T |logz|dz

Pouzijeme aditivitu. Navic plati: [logazdz = xlogz — z. (znamo z predchozich cvicenti, lze spocist
pomoci per partes).

e 1 e
/ |log z|dzx = / —log zdzx +/ logzdx = [x — x log z]
1 1 1

1 1 1 1 1
:(1—0)—<—10g>+(eloge—e)—(0—1):1—+(log1—loge)+e—e+1:
e e e e e
1 1 2
=l--—-+1=2--

(& & &

o =

+ [zlogz — z]| =

Priklad 2 (e) fow 2% cos? zdz Vyse jsme spocetli, Ze [ sin®zdx = % (x —sinx cosx). Z toho plyne:

1 1
/congzda;:/1—sin2xd:c:a:—/sin2x:x—Q(x—sinxcosx):2(x+sina:cosm)

Ziskanou rovnost vyuzijeme nize.
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T

1 T T 1
22 cos® zdz = [:c22 (x 4 sinz cos x)] — / 2935 (x +sinzcosx)dr =
o Jo

S

1 T T
[m22 (x + sinz cos x)] —/ 2% + zsinz cos xdx =
o Jo

1 {173 7" ™
= [1:2 (x 4 sinz cosx) — ] — / x sin x cos xdx
2 31y 0

Spocteme f x sin z cos xdx pomoci per partes.

2

/sinxcosxde:P —cos2zr—/(— cosz)(—sinz)dr = /sinxcosxdx = —COZ ’
2 2 2
1
rsinzcoszdr =& 252 ¥ + R P A + — (z +sinz cos z)
2 2 2 4
Dosadime do ptredchoziho vypoctu.
1 317 T
2%~ (z +sinzcosz) — — —/ xsinzx cos xdr =
2 0 0
a3 n 2 3 reosiz 1 sinzcosz]”
= |— + —sinxcosx — — - =
2 2 3 2 4 4 0
x3 +x2 . _i_:L‘coszx 1 sinzcosz]” ™ T o7 0 73 +7r 273 + 31
= _— — S1N _—— _——- = _— —_——_—— —_ = — _—"—=——
R N B 1+ |, \6 "2 1 6 4 12
Piiklad 2 (f) foﬁxarctanxdx
V3 pp [2? Vi V32411
rarctanxdr = |— arctanx - = ———dx =
0 2 0 2 0 1+.’L'2
2 V3o V3 1 /V3 1 2 z 1 V3
= |—arctanz - = 1dz + = dr = | — arctanxz — — + — arctanx =
2 o 2Jo 2)y a2+1 2 2 "2 0
3 3 1 1 3 3 1
= <2arctan\/§—\2[+2arctan\/§> — (O-arctan0—0+2arctan0> = 2-7;—\;—1—2-7;—0:

3 2

_27r \/§

Piiklad 2 (g) fog e” sin xdx

. PP PP ) .
/ex sinzdx = —e*cosz + /ex coszdr == —e®cosz + e’ sinz — /e” sin zdzx

: 1 :
— /e” sinzdr = 56:0 (sinz — cos )

Matematika 2, 2022/23



s jus
2

2 1 1 & 1 1~ 1
/02 e’ sinxdr = [26’” (sinx — cosx)]o = 565 (1-0)— 560(0 —-1)= 565 + 5
Priklad 2 (h) [} ze *dz
/xe_xdac T pe 4 /e_xdx < _—ze ¥ —e "
log4 log4 — 1 1 1 log2 3
_ . _ _g1log4 og 0y __ o og
/0 ze Pdw = [—ze " —¢ x]o __eIOT_(O_e )——Z(2log2)—1—|—1—— 5 T1

Priklad 2 (i) [, /1 — cos 2zdz

1 — cos2xdx = 1 — (cos2z —sin?z)dx = \/1 —cos2z + sin? zdx = 2sin? zdx
VI=cos2ade = [ /1 ( ) v

7Z aditivity integralu a periodicity funkce sin z dostavame: foloﬂ V1 —cos2zdx =5 fo% V1 — cos2xdzx.
Dale:

27 27 T 27
V1 —cos2zxdzx = / V2sin? zdz = / V2sin? zdz + V2sin? zdz =
0 0 s

2

T 2 m

:/ \@sinxdx—/ V2sinzdx = [—\/50051:]0—1— [\@COSJ;} =
0 Q "

V24 V24+V24+V2=4V2

Dostavame tedy, ze 0107r V1 —cos2xdx =5 f027r V1= cos2zdr =5 - 42 = 20V/2.

Priklad 2 (j) [; «'5v1+ 328dz

0

1
/ 2PV1+328de = |y =1+32% dy =242"d2,0 > 1+3-0°=1,1 > 1+3-1%=4| =
0

4 4 4
y—1 lin. 1 3 1 125 23

= _— d = — 2 — 2d = — | =1Y2 — —Y2 =

/13'24?”’ 72 ), VTV 72[5y 377,
1 (2v4S 2V 1 /2 2\ 29
72 5 3 72\5 3/ 270
v z 1
Priklad 2 (k) f02 mdx
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2 1 s o 1 1
Y 3 o2 dx:‘t:tanx,0—>0,5—>oo‘: e 1+t2dt:
0 2sin®z + 3cos?x 0 2t2+1+31+t2

o 1 4 ¢2 1 S | i 1 [ 1
:/ 72'* .th:/ — dtlﬁ'/ ——dt =
0 2243 1+t 0o 2t2+3 3 /o 1+(t\/

f)

—u—t\/idu—\/idt()—)()oo—)oolf?)\[/ 1—|—u2
= arctan u — < lim arctan u) — — -arctan0) = ——
75 eremaly = 7z (Jm, i G
v 27
Priklad 2 (1) [ oress@reos) +Cm)1(3 Toor7) da

Provedeme substltu(n t = tan §, kterou je mozné provést na intervalech (—m + 2km, m + 2km) , k
Proto interval (0, 27), na kterém mtegrujeme rozdélime na (0,7), (7, 27) (diky aditivité integralu).

2

€ Z.

™ 1 X o0 1
da::‘t:tan770—>0,7r—>oo’: . dt =
o (2+cosx)(3+ cosx) 2 0 <2_|_ 1_t2) <3_|_ 1—t2) 1+¢2

1-+¢2 142

_/°° (1+t%) 2 dt_/oo 2 + 2 .
o 2~|—2t2+1—t2)(3+3t2+1—t2) 1+t2 o (B2+3)(224+4)

= = | —=arctan — — — arctan — =
0 t2 +3 242 V3 f \f NIR
t 1 t VOLSF 2 7 1
= | lim — arctan — arctan — | — 0 - — —

Hmf V3 V2 V2 V32 Va2 B B

2 T 0 1 2)

/7r (2+cosx)(3+cosa:dx: ‘t:tang,ﬁ—)—oo,Qﬁ—)O‘ :/_oo <2_|_ 1—t2) <3+ 1— t2> ' 1+t2dt:
1+£2 142

o /0 L—Ldt: [ 2 arctan — t ! arctant}0 =

o t2+3 242 \f V32 Vel o
:0—<hm arctan — arctan — >:—(2'_7T—1'_7T>=—<—7T+7T>=

-0 /3 \f \f V2 V3o o2 V22 V3 W8
T T
V3 VB

2 1 ™ 1 2 1 o
/ dz = / dz +/ de = — —
o (24 cosz)(3+ cosx) o (24 cosx)(3+ cosx) » (24 cosx)(3+ cosx) V3

Piiklad 3 (a) [ gripooioas

+6 cos? z+cos3 x
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1

/ tan ¥ da = |t dt in zdz| / t
= |t =cosz,dt = —sinzdz| =
6 + 1lcosx+6cosza:+cos3 ’ 3 +6t2 4+ 11t +6

dt =

1 1 1

1 1 1
/ dt:/ 22 4 6 O4qr=
t(t+ 1)( t+2)(t+3) t+1 t+2 t+3 t

1 1
= 510g|t+1|—710g|t+2|+ log|t+3|—6log|t|:

1 1
5og|cosx+1|—710g\cosx+2|+ log|cosm+3|—flog|cos:c|
< o 1 1
Piiklad 3(m) [,° - o $+210gzd:c
1 1 1
——————dzr = y—logacdy——dx 2 —log2,00 - 0| = dy
9 = log°xz+2logx log2y + 2y
Parcialni zlomky:
I 1 A By+C
2y yr+2) oy yr+2
1=AP? +2A+ B> +Cy=y*(A+C)+ Dy + 24 — 0=A+C
0=D
1=2A
1 3, —3Y
— 2 2
Tedy P Ty T e
L Ly 11 1 2y 1
5 D) in.
= = - [ =dy— -~ =|z= 2,dz = 2yd ,1 —— [ —dz=
/y N Q/yy4/y+2y!z y? +2,dz = 2ydy| = = log|y| 4/22
.1 1.,
< logly| — =1 2
5 logly| — 7 log(y” +2)
o 1 1 > Vi T
dy=|gloglyl - jroet +2)| =g M| =
/og2y3+2y 2 4 log 2 4y2+2 log 2
Vi | Vi Liog U Ly, log®2
lim log—Y2_ —0— 1 1 “log —28 2
im, o yolog2—4 8212 1 ®BlogZa 2

= lim log ——= —
Yy—00 & 4/y2+2 y—log2— & 4/y2+2

10
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